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Abstract. The problem of a controlled transfer of an entanglement initially encoded
into two two-level atoms that are successively sent through two single-mode cavities
is investigated. The atoms and the cavity modes form a four qubit system and we
demonstrate under which conditions the initial entanglement encoded into the atoms
can be completely transferred to other pairs of qubits. We find that in the case of
a nonzero detuning between the atomic transition frequencies and the cavity mode
frequencies, no complete transfer of the initial entanglement is possible to any of the
other pairs of qubits. In the case of exact resonance and equal coupling strengths of the
atoms to the cavity modes, an initial maximally entangled state of the atoms can be
completely transferred to the cavity modes. The complete transfer of the entanglement
is restricted to the cavity modes only with the transfer to the other pairs being limited
to up to 50%. We have found that the complete transfer of an initial entanglement to
other pairs of qubits may take place if the initial state is not the maximally entangled
state and the atoms couple to the cavity modes with unequal strengths. Depending
on the ratio between the coupling strengths, the optimal entanglement can be created
between the atoms and one of the cavity modes.
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1. Introduction
There has recently been a great interest in the study of entanglement, its generation [1, 2,
3, 4, 5], evolution and storage [6, 7, 8, 9]. An another interesting problem, crucial for the
quantum information processing is a controlled transfer of an initial entanglement to a
desired pair of qubits. The dynamics and a controlled transfer of entanglement between
atoms located inside two completely isolated cavities have recently been investigated by
Sainz and Bjo¨rk [10], Yonac and Eberly [11, 12, 13] and Chan et al. [14, 15]. It has been
shown that a periodic and the direct transfer of an entanglement from a qubit to an
another qubit could be achieved by a suitable engineering of the coupling strengths of
the atoms to the cavity field. Some other interesting aspects of entanglement of atoms
interacting with cavities have also been discussed. Particularly interesting are the studies
of the evolution of entanglement under the influence of different reservoirs [16, 17, 18].
In this paper, we extend these ideas to the case of atoms successively passing
two single-mode cavities. The atoms and the cavity modes form a four qubit system
and we examine the evolution of the possible six pairwise concurrences that can be
distinguished in the system. We are particularly interested under which conditions the
initial entanglement encoded into the atoms can be completely transferred to the other
pairs of qubits. Simple analytical formulas are obtained for the pairwise concurrences
and the dependence of the time evolution of the concurrences on the initial atomic
conditions, detuning of the atomic transition frequencies from the cavity field frequencies
and the ratio of the coupling strengths of the atoms to the cavity modes are analysed.
We determine the parameter ranges in which the initial entanglement can be completely
transferred to a particular pair of qubits. We find an interesting result that non-
maximally entangled states are more robust for the complete transfer than maximally
entangled states.
2. Description of the system and Hamiltonian
We consider a four qubit system composed of two single-mode cavities, labeled as a
and b, and two two-level atoms, labeled as A and B. Each atom has energy
levels |gi〉 and |ei〉 (i = A,B) separated by frequency ω0 and connected by a transition
dipole moment µi. The cavities are modelled as composed of single bosonic modes
of equal frequencies ωa = ωb ≡ ωc and represented by operators aˆ (bˆ) and aˆ† (bˆ†)
which are, respectively, the annihilation and creation operators for the cavity a (b)
mode. The atoms are initially prepared in a single-excitation entangled state and
then are successfully directed through the cavities, as illustrated in figure 1. The
cavity modes are initially in the zero temperature vacuum state. The atoms, when
passing through the cavities, interact with the cavity modes with electric-dipole
coupling strengths ga and gb, respectively. The interaction of the atoms with the
cavity fields leads to a transfer of the initial entanglement to one or few of the
possible six pairwise subsystems, (AB), (Aa), (ab), (Ba), (Ab) and (Bb). To which
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subsystem the initial entanglement has been transferred is quantified by calculating
concurrences CAB, CAa, Cab, CBa, CAb and CBb.
Figure 1. (Color online) Schematic diagram of the system composed of two single-
mode cavities, a and b, and two two-level atoms, A and B, passing through the cavities.
The atoms are initially prepared in an entangled single-excitation state while the
cavities are in the vacuum state.
The total Hamiltonian of the system in the electric-dipole and rotating-wave
approximations can be written as
HT =
1
2
~ω0 (σzA + σzB) + ~ωcaˆ†aˆ+ ~ωcbˆ†bˆ
+ ~ga
(
σ+A aˆ+ σ
+
B aˆ+ H.c.
)
+ ~gb
(
σ+A bˆ+ σ
+
B bˆ+ H.c.
)
, (1)
where σ+i and σ
−
i are, respectively, the raising and lowering operators of atom i, and σ
z
i
describes its energy. In writing the Hamiltonian (1), we have assumed that the cavities
are close enough to each other that the retardation effects in the interaction of the atoms
with the cavity modes can be ignored. We shall further assume that the travelling time
of the atoms through the cavities is short compared to the lifetime of the atoms and
the cavity excitation so that spontaneous decay of the atoms and damping of the cavity
modes can be neglected.
We now proceed to examine the process of transferring an initial entanglement
encoded into the atoms to a desired pair of qubits. Before the first atom enters the
cavities, the space of the system is spanned by four product state vectors defined as
|1〉 = |eA〉 ⊗ |gB〉 ⊗ |0a〉 ⊗ |0b〉, |2〉 = |gA〉 ⊗ |eB〉 ⊗ |0a〉 ⊗ |0b〉,
|3〉 = |gA〉 ⊗ |gB〉 ⊗ |1a〉 ⊗ |0b〉, |4〉 = |gA〉 ⊗ |gB〉 ⊗ |0a〉 ⊗ |1b〉. (2)
where |eA〉⊗|gB〉⊗|ma〉⊗|nb〉 stands for the atom A in the excited state, the atom B in
the ground state, m photons in the cavity a, and n photons in the cavity b, respectively.
When the atoms are passing through the cavities, the state vector of the
system |Ψ(t)〉 evolves in time, and its evolution is governed by the Schro¨dinger equation
i~
d
dt
|Ψ(t)〉 = H˜|Ψ(t)〉, (3)
where H˜ is of the Hamiltonian of the system in the interaction picture. Since H˜ does
not depend explicitly on time, the Schro¨dinger equation (3) has the formal solution
|Ψ(t)〉 = exp
[
−i(H˜/~)t
]
|Ψ(0)〉
= α1(t)|1〉+ α2(t)|2〉+ α3(t)|3〉+ α4(t)|4〉, (4)
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where the time depended probability amplitudes are
α1(t) = u0 + w0 e
i∆t
[
cos(Ωt)− i∆
Ω
sin(Ωt)
]
,
α2(t) = − u0 + w0 ei∆t
[
cos(Ωt)− i∆
Ω
sin(Ωt)
]
,
α3(t) = − 2iw0ga
Ω
ei∆t sin(Ωt),
α4(t) = − 2iw0gb
Ω
ei∆t sin(Ωt), (5)
in which u0 and w0 describe initial conditions at t = 0, the parameter 2∆ = ω0 − ωc
is the detuning of the atomic transition frequency from the cavity field frequency, and
Ω =
√
∆2 + 2(g2a + g
2
b ) is a detuned Rabi frequency. For the initial state of the system,
we choose a product state |Ψ(0)〉 = (cos θ|eA, gB〉 + sin θ|gA, eB〉) ⊗ |0a〉 ⊗ |0b〉 with an
entangled state for the atoms, determined by the angle θ, and zero occupation numbers
for the cavity modes. In this case, u0 = (cos θ − sin θ)/2 and w0 = (cos θ + sin θ)/2.
3. Entanglement transfer
Given the state of the system, it is straightforward to calculate concurrences [19] of the
distinguished pairs of qubits and to analyse conditions for the complete transfer of the
initial entanglement to a desired pair of qubits. It is easy to show that the concurrences
can be written in terms of the probability amplitudes as
CAB(t) = 2 |α1(t)α∗2(t)| , Cab(t) = 2 |α3(t)α∗4(t)| ,
CAa(t) = 2 |α3(t)α∗1(t)| , CAb(t) = 2 |α4(t)α∗1(t)| ,
CBa(t) = 2 |α2(t)α∗3(t)| , CBb(t) = 2 |α2(t)α∗4(t)| . (6)
The time evolution of the concurrences depends on three parameters, the angle θ that
determines the degree of entanglement of the initial state, the detuning ∆ and the
ratio of the coupling constants ga and gb. For simplicity, we consider the case of exact
resonance between the atoms and the cavity modes (∆ = 0). In fact, it can be seen
from (5) that for nonzero detuning (∆ 6= 0) the concurrences oscillate between zero and
a certain value that is less than one for all times t > 0. Thus, in the case of ∆ 6= 0, an
entangled initial state of the atoms cannot be completely transferred to the other pairs
of the qubits. The entanglement redistributes over the qubits.
Let us first illustrate a special case of the transfer of an initial maximally entangled
state of the atoms, corresponding to u0 = 0, w0 = 1/
√
2, through the system with both
atoms coupled equally to the cavity modes ga = gb = g. One can see from (5) that in
this case α1(t) = α2(t) and α3(t) = α4(t) for all times, so that the concurrences (6) are
CAB(t) = cos
2(2gt), Cab(t) = sin
2(2gt),
CAa(t) = CAb(t) = CBa(t) = CBb(t) =
1
2
|sin(4gt)| . (7)
As can be seen from (7), the maximal entanglement initially encoded into the
atoms CAB(0) = 1 can be completely transferred to the cavity modes, Cab(tn) = 1
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at certain times satisfying tn = n(pi/4g), n = 1, 3, 5, . . .. No complete transfer of
the entanglement is possible to other pairs of qubits which, according to (7), can be
maximally entangled only up to 50%. This is illustrated in figure 2, where we plot
the time evolution of the concurrences for the initially maximally entangled atoms.
The complete transfer of the initial entanglement is seen to occur only between the
pairs CAB(t) and Cab(t). The other pairs are identical and can be entangled to only 50%
at times when the entanglement is evenly redistributed over all pairs of qubits.
Figure 2. (Color online) The time evolution of the concurrences for the initial
maximally entangled state between the atoms CAB(0) = 1, corresponding to θ = pi/4,
and for equal coupling strengths ga = gb = g. The blue solid line is CAB(t), red dashed
line is Cab(t), and black dashed-dotted line is CAa(t) = CAb(t) = CBa(t) = CBb(t).
Also shown is the sum of the squared concurrences C2AB(t) +C
2
Ab(t) +C
2
Ba(t) +C
2
ab(t)
(red solid line).
Figure 2 also shows the sum of the squares of the concurrences that C2AB(t) +
C2Ab(t) + C
2
Ba(t) + C
2
ab(t) = 1 for all times. This result exemplifies some of the remarks
made by Yonac et al. [12] and Chen et al. [14] in connection with the conservation of
the total square of the concurrence. Namely, similar to the case of separate cavities
each containing a single atom, the sum of the squared concurrences in the system of two
initially entangled atoms passing through both cavities is conserved.
We now present some numerical calculations that illustrate the transfer process of
an initially non-maximally entangled state of the atoms to other pairs of the qubits.
It turns out that in this case, the complete transfer of an initial entanglement could
occur only for unequal coupling strengths ga 6= gb. This interesting behaviour of the
entanglement evolution is illustrated in figure 3, where we plot the time evolution of the
concurrences CAB(t), CAa(t) and CBa(t) for the initial non-maximally entangled state of
the atoms with θ = pi/10 and gb/ga = 0.1. The remaining concurrences CAb(t), CBb(t)
and Cab(t) are found to be close to zero for all times and are not displayed in the
figure. It is seen from the figure that the concurrences oscillate in time with periodically
modulated amplitudes and at certain discrete times, the concurrences CAa(t) and CBa(t)
reach the maximal values close to unity. The maxima of CBa(t) are however displaced
relative to those of CAa(t).
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Figure 3. (Color online) The time dependence of the concurrences for an initial non-
maximally entangled state of the atoms with θ = pi/10, ∆ = 0 and gb/ga = 0.1. The
blue solid line shows CAB(t), the red dashed line shows CAa(t), and the black solid
line shows CBa(t).
To examine the features of CAa(t) and CBa(t), seen in figure 3, we analyse of
the expressions (6) for the concurrences which with the probability amplitudes (5)
show that at zero detuning and for a strongly asymmetric coupling ga  gb, the
concurrences CAb(t), CBb(t) and Cab(t) are close to zero for all times, whereas the
concurrences CAa(t) and CBa(t) can be written as
CAa(t) =
4gaw
2
0
Ω
∣∣∣∣sin(Ωt)[(u0 − w0)w0 + 2 cos2
(
1
2
Ωt
)]∣∣∣∣ ,
CBa(t) =
4gaw
2
0
Ω
∣∣∣∣sin(Ωt)[(u0 − w0)w0 + 2 sin2
(
1
2
Ωt
)]∣∣∣∣ . (8)
It is readily found from (8) that the concurrence CAa(t) is greatest at times tn =
n(pi/3Ω), n = 1, 5, 7, 11, . . ., and reaches the maximum value that is close to unity when
|u0−w0|  w0. On the other hand, the time variation of CBa(t) is phase shifted relative
to CAa(t). Therefore, the positions of the maxima of CBa(t) are displaced relative to
those of CAa(t) and appear at times tm = m(pi/3Ω), m = 2, 4, 8, 10, . . ., the kind of
behaviour seen in figure 3.
We would like to point out that the effect of going to the transfer of non-maximally
entangled states through unequal couplings of the atoms to the cavity modes is clearly
to achieve not only the complete transfer of the initial entanglement but also to create
the maximal concurrences CAa(t) and CBa(t). The reason is that during the passing
of a given atom, either A or B through the cavity a, the interaction of the atom with
the field leads not only to the transfer of the initial entanglement from the atom to the
cavity field but also creates an additional entanglement. Even in the limit of no initial
entanglement in the system, nonzero concurrences CAa(t) and CBa(t) can be generated
during the passage of the atoms through the cavity a. A similar conclusion applies to
the case of gb  ga, where the maximal concurrences CAb(t) and CBb(t) can be created
between the atoms and the field mode of the cavity b.
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4. Conclusions
We have studied the problem of the entanglement transfer between different pairs of
qubits in a system composed of four qubits, two two-level atoms plus two single-mode
cavities. We have shown that in the case of a nonzero detuning between the atomic
transition frequencies and the cavity mode frequencies, no complete transfer of an initial
entanglement is possible to any of the six possible pairs of qubits. In the case of zero
detuning and equal coupling strengths of the atoms to the cavity modes, an initial
maximally entangled state of the atoms can be completely transferred to a pair of qubits
involving the cavity modes. The complete transfer of the entanglement is restricted to
the cavity modes with the transfer to the other pairs being limited to up to 50% only.
We have found that the complete transfer of an initial entanglement to other pairs of
qubits may take place if the initial state is not the maximally entangled state and the
atoms couple to the cavity modes with unequal strengths. In this case the optimal
entanglement can also be created between some of the pairs of qubits.
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